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NASA TT F-10,488

STABILITY OF SYSTEMS WITH DELAY

S. N. Shimanov

ABSTRACT

The article surveys work dealing with the stability
of motion of systems described by differential equations
with an aftereffect or time delay. The methods of inves-
tigating systems with an aftereffect (the method of
Lyapunov functions, the universal method of Lyapunov
functionals) are described, and an overall approach to
the problem is outlined. A study is made of the theory
of linear differential equations with an aftereffect.
Certain new results of general nature concerning the
theory of linear periodic systems with an aftereffect are
cited. First-approximation stability is discussed, and a
study is made of the stability of systems with an after-
effect in critical cases.

This report is devoted to a survey of works on the stability of /170%
motion in systems described by differential equations with an aftereffect or
time delay. We shall give our attention primarily to those works containing
some generalization of the classical ideas in Lyapunov's stability theory for
systems described by ordinary differential equations (refs. 1, 2, 3 and 4). In
this class are the method of investigation using functionals, the general ap-
proach to examination of equations with delay in functional space, stability
with respect to the first approximation, the theory of critical cases, and the
theory of stability of linear and nonlinear periodic systems. The references in
this report are basically published works by Soviet and foreign authors, as well
as some new dataof ageneral nature pertaining to the theory of stability of per-
iodic systems.

It should be noted that interest in development of the theory of systems
with delay, and particularly in the theory of stability of systems with delay,
is due not only to an effort to extend Lyapunov's methods to more and more
general research topics, but is also the result of practical problems. As is

*Numbers given in margin indicate pagination in original foreign text.
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generally known, there are elements with time delay in automatic control sys-
tems. Delay may take place in the controlled element, the controlling unit or
in feedback. Delay takes place in servosystems when there is a remote commu-
nication line. Finally, differential equations with delay are a convenient
tool in mechanical and electrical systems with distributed elements or with
elements which have a large number of degrees of freedom. Differential equa-
tions with an aftereffect have recently found application in control theory
where an uncontrolled system of ordinary differential equations becomes a con-
trolled system if it is capable of accumulating information over a certain time
interval. The motion of this type of system is described by a system with
aftereffect.

Thus development of the theory of systems with delay, and in particular of
the theory of stability, is dictated by practical problems.
1. Methods of Investigation. A General Approach to the Problem

Let us consider a general system of differential equations with aftereffect
of the form

de, () 2 2 ’ . o
@ =2 5 % (¢4 9)dng (8) ok Xi (1 (4 9), o oo a8+ B) (i=1,... 7)) (1.1)
i x .".‘. . il=l — N . ) . . “j * )
where the integrals are Stieltjes integrals (ref. 4, p. 159), ﬂij (%) /171

are functions of limited variationm, X; (xl ), cees X (%)) are nonlinear func-

tionals which are defined on piecewise continuous functions x; (#) of the

argument ¢ which varies over the range T < ¢ < 0 and are nonlinear perturbations
More precisely, Xi S?Qisfy Lipshits conditions with respect to X,
| K@), 2085 () — Xe (8, ), -, X, (B | < LI (®)— (8) l=)
1@k = sup (151 ()], - s [ 20 (B)], —7 <O,
L=Ll¥ @+ @™

are positive numbers, X; (0,...,0) = 0.

(1.2)

here L1 and oy

The motion x = 0 we shall call undisturbed motion of system (1.1). Defi-
nitions of stability, asymptotic stability, and instability of the undisturbed
motion are given in the usual manner using the norm | x (J) .

As is generally known, Lyapunov's second method (or the method of Lyapunov
functions) is the fundamental method for solving problems in stability. The
first steps toward transferring this method to systems with delay were not very
productive (ref. 5).



A more effective method was the method of Lyapunov functions in which the
derivative functional must give a definite negativity on a narrower set of
curves which satisfy some additional conditon (refs. 6 and 7). A basic disad-
vantage in applying Lyapunov functions to studying the stability of systems
with delay is their nonuniversality, the irreversibility of theorems on sta-
bility and asymptotic stability.

The characteristics of equations with time delay or more general differen-
tial equations with aftereffect were first taken into account by replacing
Lyapunov functions with Lyapunov functionals defined in some functional space,
e.g., C (the space of continuous functions). In this regard, the theorems of
Lyapunov's second method were found to be a universal means of investigation in
examining solutions in a functional space of continuous functions, since they
are reversible (ref. 4).

The universal method of Lyapunov '"functionals' made it possible to derive
a number of extremely important theoretical results on stability of systems
with aftereffect (ref. 4). Differential equations with time delay (with after-
effect) are functional equations since they determine derivatives of unknown
quantities with respect to time Xg (t) at a moment of time t as a function not
only of these quantities computed for the moment t, but also of these quantities
computed to the moment of time t—Tj, for preceding moments t on the delay range

[t-7,t] (derivatives with respect to time of the quantities xg (t) are func-
tionals on the range x4 (t +#),-T <& <0 , T is the delay). Therefore it is

natural to take the range of the integral trajectory of the system with delay
as an element of the solution, and to con31der the solution itself in the space
of continuous functlons c [-7,0], Xq (9) 1, ..., n, -1 £ <0 with the
norm yx ()7 = sup (| x S R TN R Y

This approach to systems with delay was proposed in references 4 and 8.

Thus we shall take as an element of solution for the system (l.1) not the
vector-function of time x (x0 ), to, t), but the vector-segment of the tra-

jectory x (x5 (8), tg t + ), -1 <& < 0. If the first derivative with /172

respect to time t is calculated from x (x0 >, to, t + 39), t when & < 0, then

we find

df - A 7

i (sa (B for F 4 0) . gy (%0 (). fo, {4+ 0) i
At—+0, —e<B8<0. |

Therefore the system of equations (1l.1) in functional space will have a
corresponding equivalent system of "ordinary differential equations' with an
operational right-hand member (ref. 4, p. 162; ref. 8)

e o < T
L (?—Ax,(ﬁ)uhR(x; (0ﬂ (1.2)




where : g i A

.x‘@ m(t+0) = (x; (t + ﬁ)o

Ax@hmd . | n(k=1a»~-nﬂ)
REo ; va(mdnu(o) 6=0 %

RG®) =&{O" —1<0<0 o (1.4)
© L (a(9), ..., 2 (9)), 0=o.!‘

The fact that A is an unrestricted linear operator does not interfere with the
use of system (1.2) as a convenient working tool for study. The given approach
to differential equations with aftereffect (delay) and the method of function-
als were effective means for studying systems with delay resulting in consider-
able progress in the theory of stability for systems of this type (refs. 4 and
8).

As an example of the use of this approach, let us consider in more detail
some additions to the theory of linear stationary equations with aftereffect.

2. On the Theory of Linear Differential Equations with Aftereffect

‘ Let us consider a system of linear differential equations with aftereffect
of the form

dx'w x:(f+0)dnu(0) (s=1,.. ,n),\

lc/eo

where the integrals in the right-hand member, as in system (l.1), are Stieltjes
integrals, nsi () are functions with limited variation. A particular case of

(2.1)

systems (2.1) is a system with delay of the form

\

yos ,n)\

\

U)

(2.2)

The latter is obtained from system (2.1) when nsj (0) = & i ﬂsj (-T1) = bsj’
nsj (¥) = 0, -1 <¥ <0. Linear equations with aftereffect are studied in detail

in reference 9.

For system (2.1), the equivalent system of "ordinary differential /173
equations' with an operational right-hand member is
w(ﬁ” \
e -/fi’&ﬂ). (2.3)



where the operator A is glven by formula (1.3). Operator A for system (2.2)

has the form Ax (¥) = (0)|d0 when -7 £ 4 <0, ax (0) + bx (-7) when & = 0 .
In addition to system (2.3) let us consider the conjugate system (refs.
10, 11 and 12) mm e
| e E d!lt(‘ - = — A’ys (0), ‘ (2.4)
here ywm=y«+ﬁh{ww+Mr>ﬂ>0L¢;‘\
)’
‘ Zi;
. 2.5
—Ay@®=1 @-3)
/ k&ﬂw@MM—Wﬂ 0
=1 = v

The conjugate operator -A* for system (2 2) is glven by the formula

;‘ ’1‘>ﬂ>0 «dy(ﬂ)—b’y(t)lwhen 0= o}\

System (2.4) corresponds to a system of differential equations with a lead in
time of the form
3

29 =—§}§w(t+e)dm,(——0) (s=1,..:’;’-n)\ (2.6)

=e

The spectrum of operator A consists of the eigenvalues Xj (=1, 2, 3, ...);
roots of the characteristic equation

- e - ‘»' . \\
ANm]<Er + | ovan@)]=0. @2.7)
B e e
The eigenvalues of the operator -A* satisfy the relationship puo = -Ao,

(c=1,2, ...

Let us set up a scalar product of two vectors:

for any elements x(#) and y(9).



Thus it follows that for aﬁy solution of system (2.4) which is /174
continued toward increasing time t, the expression
(x(®), yt+9)=C, (2.10)

will be the first integral in system (2.3). So here we have an analogy with
the theory of ordinary linear differential equations with constant coefficients.

There is an integer such that the multiplicity of any root of character-
istic equation (2.7) is less than ny.  Let A. be the root of characteristic
equation (2.7). Then the equations ] :

(A—MD"x(®) =0, (—A —NI)*y(8) = 0\\ (2.11)
(where I is the identity element, I x (#) = x (¥#)) have an equal number of
linear independent nontrivial solutions--the root elements x (¥) of operator A
and the root elements Y (¥) of operator -A*. The solutions of equations (2.11)
at ng = 1 are called characteristic elements, while all other root elements are

called adjoint elements. Let the set of root elements of operator A for the
roots Xl, ceey Kn be Xy @, ..., X (@) and let the set of root elements for

the operator -A* corresponding to these roots be Yi @, ..., Y, (). It may
be shown that these elements may always be selected so that the conditions are
fulfilled.

If X (¥) is a characteristic element of operator A with no corresponding

adjoint elements, then we have the conditions

(%7 (9), yc(ﬁ})= {(1) ;;:\\ (2.12)

If the elements xj @, xj 41 @, ..., xj o (¥) make up a Jordan form

+
(xj j +m

(®) is a characteristic. element and X5 41 P, ..., x (?) are adjoint
elements) then the conjugate operator has a corresponding Jordan form g &,

.y V. (¥) and we have the conditions:

i+m = '
I 6=k 0<o<m
ﬁ, m-s(8)) - ﬂix
(%42 (), Yrem— (D)) {0 sk, 0o,

\ (2.13)
<x,+k(ﬂ>,yo<ﬁ»=o <o<1, s>j+m) |
and }.‘30 R
i (A M)xz(ﬁ)—o
<A—x,1>x1+kw)—x,m(ﬁ> (=1, m). ] (2.14)
Let us assume that K cees An are all roots of the characteristic equa-
tion (2.7) satisfying the condition Re Xj < -a, (j =1, ...; N) where @ is

6



some positive number. Here Xj is taken as many times as its multiplicity. Let

us write N = N(@) functionals

e ——

Trle®) = (@, 5y ®) (=1, N). | (2.15)
The conditions
@) =0, (i=1,...,N)' (2.16)
determine the subspace JI(2) in the space C [-7,0]. An arbitrary element x(&) of
the space C [-7,0] may be represented in the form /175
Mo
x (%) = gyc'“(ﬂ:)f}--ii(‘@}\ (2.17)
where
v BN T
Yo =fat#(8)), | (2.18)
if case (2.12) takes place, and
o
York = form-»(x (6» A= 1,.. ), | (2.19)

if case (2.13) takes place.

In terms of the new variables Yis+++sYn and Z(¥), system of equations

(2.3) has the form dy A

= =M
B
dy/’+m ' 4
G = MiYims ) (2.20)
dy;, . T
/':1';! 1 A]gl:”nol T%&fl’ il
« e & & o e & -"‘o . L ‘ “:?»".' . ¢ B
dy : 0 : RO ¥
—i = My — Y o
dz,(®) SR
’;t( ) A2(9), z(@®) ). \ (2.21)

The spectrum of operator A on J](¥) consists of the eigenvalues Aj(c = N+ 1,...)

with the exception of the first N: xl, ey XN'



3. The Theory of Linear Periodic Systems with Aftereffect.

Let us consider systems whose motion is described by differential equa-
tions with periodic coefficients and aftereffect of the form

. o
—,,,——FA&_:«H;G) cata(E+9) (s=1,...,n), (3.1

where

2‘ R s
it (8) = 2 {pur (8,09 -l“

i - - ‘
+ z o 01 (= ) + g O], (5= 1,

Here psj, qo,sj are periodic and continuous functions of time t of period w,
the functions fgj(t, ) are continuous with respect to t and § in the region

- T=<E =<0, - o<t <+ o with respect to t they are periodic with period w,
T < T, - 3a is the delay in the system.

Systems of this type were considered in references 13, 14, 15, 16 and 17.
In the space of continuous functions C [~T, 0] with the previously given norm
of | x (&) |, equations (3.1) have an equivalent system of ordinary differen-
tial equations with an operational right-hand member of the form

\
S =P, | (3.2)

where x (9) = x(t + 9) = x4 (t + 0), - 7T<9<0, s=1,...,n, and the

operator P(t) is /

dx, (8) ’

Fs(t, x1(8), .. s Xa ()

"
!

P()x(8)= 9=0. (s=1,'.';...n)\ (3.3)

Let x (xO ), tg» t) be a solution for system (3.1) with the initial

function xo(ﬁ) at the moment of time tj, x (% ), tg, to + ) = xq (9.
then x, (J) =x (xg (M, tg, t +?), - T = = 0 determines the solution
of system (3.2) with initial function xo(ﬂ). When t is fixed, element

Xt(ﬁ) of this solution may be considered as the image of the initial ele-

ment x4(d) for the mapping
5 (9) =T (¢, 10) 7 (9), (3.4)
where T(t, ty) is a linear operator, T(tg, tg) = I.

It is shown that the eigenvalues of the completely continuous operator
T (to + w, to) are independent of ty. The spectral radius r. of operator

T (tg + o, tg) determines the stability or instability of motion x = 0. If r,
o -



is greater than one, then the motion x = 0 of system (3.1) is unstable. If r¢

is less than one, then the motion x = 0 is asymptotically stable. An analytical
form of the characteristic and adjoint elements of the operator is derived. The
partial solutions of (3.1) corresponding to these elements are continuous over
the entire time axis and have the same analytical form. For instance the eigen-
vector x5(9) corresponding to the eigenvalue p; has the form

%3 (8) = pgo®s(8),  —T<<I<O0, (3.5)
where &5 (#) is a periodic vector of period w when the parameter ¢ is varied
over the range (- ©, + ®). &5 (¥) have derivatives with respect to ¢ of any
arbitrarily high order.

Let us consider a conjugate system of differential equations with a lead
in time (refs. 16 and 17)

dy, (f)

—-——=—F;(t,y1(t+ﬁ),...,yn(t+0)), ‘(S= la”"‘n)’ (3.6)

v oata

I oyt

where | -— F; (t,J y1(9), .. Yn(9) = — 2‘, P‘lsﬁ(t yl 0)—

=1 . T

n k n 0 i S
— 2 > Gois (¢ + 7o) y (T) — > S fis(t—8 B) g (—E)dE.(s=1,..., ‘4'”)-» ’
=1 0=1 J=1 —% . .'.l B
Here p, q and f are the same as in (3.1). In the functional space C [-T, 0]
equations (3.6) have an equivalent system of linear ordinary differential equa-
tions with an operational right-hand member of the form (ref. 16)

WO Py 6.7

where

. ' dys (8), . i -
—Py®) ={%Y (TS 0>0 F Ly, #e0

B (@) =y(t+9) = (B (t+9), T>9>0, s=1,...,_n>,\
&
Let us use the symbol y (yo (¥, tg, t) to designate the solution for system
(3.6) with initial function Yo (®, T 2820 at the moment of time tg when
t <tg. Then y, (0)_= y (yo (), tg, t +9), 7229 20, is a solution of system

(3.7). When t is fixed, element y.(#) of this solution may be considered as the

image of element yn(#) for the mapping



PO =T (t, ) yo(®), t<to) (3.8)

it is found-that the eigenvalues of operator T* (ty - w, tg) are independent of
to and coincide with the eigenvalues of operator T (tg + w, tg). The structure
of.the eigenvectors and adjoint vectors of operator T* (tO - w, to) coincides
with that of analogous vectors for the operator T (t0~+ w, to). The partial

solutions corresponding to these elements are continuous not only in the direc-
tion t < ty but also when t > tg.

Let us introduce the notation

@w»ﬁwn—znwme-\

1=1

(3.9)

For any partial sdlutlon yt(ﬂ) of system (3.9) which is continuous in the di-

rection t 2 tg, the expression
(x¢ (8), ye (D), £) =const\ (3.10)

will be the first integral of system (3.2).

Let us assume that all eigenvalues pj satisfying the condition lpjl = e
(where € is an arbitrary number) are simple and that the number of these eigen-
values is N(e). The more general case is treated in a similar manner (ref. 16).
Let us construct the eigenvectors xj(ﬂ), Yj @, (G =1,...,N(e)) of operators

T (tg + w, tg), T* (tg - w,vto). Let xj(ﬁ), yj(ﬁ) correspond to the eigenvalue

Pys then we fulfill the condition

ww»ww?J u’;z\ (3.11)

10



Let é?(&) and ;?(0) be partial solutions of systems (3.1) and (3.9) with ini-
tial functions (when t = tg) xj(é) and yj(ﬂ) respectively. Any element x(&) of

space C [- 7,0] may be uniquely represented in the form of the sum

N t-—to \
()= Sapyt—to+9p; ° +2(8), \ (3.12)
where N ‘gff ’
P | ! t—l - .
a/=(x(0),'*a‘i(t'—to+0)p;“’ ,t) (j="?,’...,N), (3.13)
=3 - (3.14)

(Z(’l‘)), yl(t'_to"{"ﬂ)p,w ,t)'ZO,. (] = 1! ey N)'
Thus it is always possible to pass from a variable x(¥) in system (3.2) to
scalar variables aj,...,ay and a variable z(¥) belonging to the subspace (3.14).

In the given variables, system of equations (3.2) has the corresponding system

of equations Lll§
d
%—=——1m"a;u.*lo'w-qﬂ)t (3.15)
dz T
2O - Binaien #i9)e@.16). (3.16)

In this regard, (3.12) may be interpreted as follows. An N~dimensional base
t-to

(t - ty + ) pjw (j =1,..., N) may always be denoted in the space
¢ [- T, 0] which is in periodic motion with period w. The coordinates aj which

describe the motion of the system in the given N-dimensional subspace of the
space C [- T, 0] will correspond to a system of ordinary differential equationms
with constant coefficients (3.15). The component of motion z. (#) in (3.12) will

belong to subspace (3.14) and will decrease without limit according to exponential

law with an index - < <l log e(e < 1).

0
w

4. Stability with Respect to the First Approximation and Investigation of
Stability in Critical Cases

Let us reconsider system (l1.1) together with the so-called system of the
first approximation (2.1) which is obtained from system (1.1) when Xg = 0. It
was shown in references 4 and 18 that when all roots of characteristic equatiomn
(2.7) have real negative parts, undisturbed motion x = O of systems (2.1) and
(1.1) is asymptotically stable regardless of the form of the nonlinear

11



terms X, in (1.1). 1In the case where at least one of the roots of equation

(2.7) has a real positive part, undisturbed motion x = 0 of systems (2.1) and
(1.1) is simultaneously unstable regardless of the form of the nonlinear terms
Xs (ref. 10). Thus we have complete analogy with ordinary differential equations

in the problem of stability with respect to the first approximation for the
stationary system (l.l) with aftereffect. We should point out that this is also
true for a nonlinear periodic system of the (l.l) type with a system of the first
approximation of form (3.1). The first approximation on asymptotic stability

is derived in references 4 and 19. The second approximation on instability is
derived in the same way as in reference 10 on the basis of the division indi-
cated in reference 16.

A so-called critical case occurs when the characteristic equation has
zero or purely imaginary roots. The critical cases of a single zero root and
a pair of purely imaginary roots for stationary systems of form (1l.1l) are con-
sidered in references 20.

Let us consider stability in the critical case of a single zero root A; = 0
in more detail. Tt is assumed that all remaining roots of equation (2.7) have
real negative parts. The method for solving the stability problem is a generali-
zation of the Lyapunov method for systems described by ordinary differential equa-
tions. In the given case, A(0) = 0, but A"(0) # 0. Let us use the notation
Akj(O) to designate the cofactor of the element standing at the intersection of

the k-th row and the j-th column in the determinant of A(Q) for (2.7). Let
Aklll 0) #o0, Yy (¥ = (Afkl ©, j=1,..., n, T2 20} = const. Let us note

functional f (x (¥)) = (x (#), y; (#)). And let us consider the vector xl(ﬂ) in

c[-¢t, 0]
x1.(8) = {Beg,1 (O} (A () A' (0))* = comst (), —v <0, (4.1)
An arbitrary element x (¥) € ¢ [- 7, 0] may be uniquely represented as
x(0)=‘x§5(6)”yf}:z“(ﬂ).‘v 4.2) /179

Equation (2.3) assumes the form

s .,.,!

fﬁ!ﬁ/dtéo, oo \
dz,(ﬁ)/dt— Azz(ﬂ) flz:(ﬂ)l =0, \

- -

4.3)

12



At the same time system (1.2) assumes the form:

dyjdt=Y (@20, -

T R (4.4)
der (0 4t Hflea (0):1 2 (0, 2081 B), f [2 (D)1= 0. |

Here Y (y, z (#)) is a functional given by the formula Y (y, z (#)) = £ [R] and
the operator

Z(y,2(8),9) = R (®) g + 2 (#)) — 21 (D) Y (9, 2(8)). | (4.5)

Let us consider the functions
Y0 =gy +..., 25,0, 8) =g (@) g™+ ...\ (.6)
Let m; > m. Then, if m is an odd number and g < 0, the motion x = 0 is

asymptotically stable. If m is an even or an odd number, but g > 0, then the
motion x = 0 is unstable.

The condition my > m may be fulfilled if we make the substitution

z (J) = z) +u (J, y) where u(d, y) is a solution of the equation
Au—ﬂ,y)-i-z(y,u(ﬁ,y), 0)=0'\ “-»

Which satisfies the condition f [u (&, y)] = 0. 1In plane f [x (#)] = 0, equa-
tion (4.7) has a unique solution u(®, y) which is analytic with respect to y
and differentiable with respect to 9¥.

A conversion of this type always ensures the condition m; > m provided
this is not the special case where Y (y, u (¢, y), #) = 0. 1In this case, the
undisturbed motion x = 0 is stable (ref. 20).
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HHTE 416l NOHHMAIOTCH B omuicae Cruaiteeca  [4, o7o.
VHRUHY  Orpawiveddol  mapHalld, X, (v (8, .. ., v (O)) — meneiin
CYHRUMGL AL,  OMPRJeneilitsie HA KYCOWO-iel, epuéﬂ.,... OYRRLI {5 (0
ryMexTa . HOTOpMI Medseres B apelerax — v K ¢ <L, u npencroniEx
LGO0K0 MOk LEHSle BOOMYLISNEA.

Touser X; VAGSIACTRCHT.0T YCI0LHIM JIHMLI D 0O .4

[ X 0 (83« o 5 (99) = X (6 (B« X, () | S Lo () — & (D),

(1.2)
Tx () e ~—sup\,xl(f})],...,‘,\,.('&)” — o0,

L=L{{x(8)+x(0)] r}a'

Ao sve x = 0 Gyzew nacuinats : DLGOEL L
.1). Cupeseaendst YCTORUIBOCTI, 2CKLITOTAE LIKOT YCTIi ite.a, .
{BOCTH ECEO3MYILGHEOTO ABRKICHAR A2 Te7 COSGHBIM ©33E50M NPH I
sMbl ' x {0) - ,

X/Isnecmo yTo 5TOPOR .izrex Jlanynosa (uap Meron wynxuuit JlanyHosa)
1BIAeTCA OCHOBHLIM LICTCIOM pelleHHd 3ajaq < Tofumzucté. [ieprmie INoTH

o HanDaoaeudy Hepeuctedida 3TOTO METOZA Ha ClCTeMbl ¢ 3ana3ibiBaiideM OKa-

LAGHCD
bo... .
DOUBE UL
LSTeNbRUCTI &
N
CHKULD Lar
WIRETCH ik
0TI YCTOMUMBOCTH
2 YDUSHCHII ¢ 3ananLiBui

onsozotaophsing [3].
; L84CH N

onpI ..

TIBCDICIL

0320 YETAHYLL
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ﬂusrror.:y cuerere Yo lil aaniieM npoc*':”'f

COOTBITCTEOBATH GRLIAS

YPABHEHK{ C ONCpETORLET AL Ly 15}‘
(""z(\l PN ey s
L g A () - R R (55 PR B

rae .
(@ =x(-+-0)=x{+0) —r<OO),

)

= :
Ax(()‘, — ‘ . o ’(k— l,...,n) .
[ Uy, ), 6=0
{ jmz ==
19, —T<[i<0 .
R{x(t)) = 1.4
EED = a(®), a2l D=0, (

To ofcroaTenneTBO, WTC A —- Heorpa:i: SiuefiHBA omeparop, ke ‘ée-
16T HCHoNb30BaHkC cxorennl (1.2) B : > vicUHoro pafoucro annapara
HCCTeZ0BaHHA. YKa3aNK:LLl NOAX0N K A¥GOepeiiii&IbdNM YPanHeHIs! € nose
JeBcTBHEM (3aMa3nIBalHiM) K METOR ")yﬂ’-':m OHANICB OKa3ajiHCh 3¢<ic -
CPeACTBEMH HCCACZOBANNS CHCTOM C 3aNasibiBaHHMeM, MO3BOAMBUIHMII L.
BEHHO NMPOXBHHYTL T20D:KX VCTOIMHEOCTH AR T2KOTO PORA CHCTEM ZA, Ll

B xawectpe npuMeDsa iCOJIb30BAHKSA STOr0 NOLXO0AA OCTAHOBHMCT TIC DCI-
HCe HA HEKOTODHX ZONOLICHHAX K Teopm JIHHENHBIX CTAIHOHADHBIX y)Ible-
HUF C nocjiedeiictnlien.

2. K Teopuu annednnlx AKGHCPeHURAILHBIX YPABHEHHM ¢ mocaerc’cranew

Paccmorpm cHeTeMy JHHeRHBIX quxpepeﬂuuanmux YpasHeHHH ¢ nmocze-
JeHCTBHEM BHIA

dﬂﬁ(l) ﬁ‘. sz(l-}-\‘})dfiu(ﬁ) (s=1...,n), (1)

I¢ HHTErpPasinl 3 NPAassii yacT, Kax # s cucreMe (1.1), nowiMaiotes cvu~c~
Cruarbeca, ), (0) — KLUE ¢ orpaunuensdof Bapuankedl, Yactuman cay-
uaeM cHetemu: (2.1) Syicr cucreMa ¢ sanasAblBanueM BHAaA

"

dx (¢
-x—‘—f,—)= D {auxi () + buxi(t—%)) (s=1,...,0) 2.2

'Hocnezmsm noaygzeres v creMm (2.1) npu ny; 0) = ay, Ny (— 1) = by,

N, (8) =G, —--r < & < onclnbe ypaBHeHHR ¢ NOCAGACHCTHIEM NOLPSTiO

H3y%ehn B KudAre (9L
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e bt e s 5

3y

i
[etvg

T L e

N A TPH. G =

\T\/\ Lre.

MG YRR GO R S L L e
iy Gy o

TAC oneparop A mm:w artoniyacd (5.0 Suepary A ang cucremm (LD
é'\’ 9, x4 bx (=1

nNeeT ‘..i;; Ax (0 d;.,, GOl ri - w e A
{ \W)N

Pr“.; < cncmuoﬂ (2.3) paccMoTRHM COADREICHLYY curToer 110, 11, 12)
dy, (0) . .
- wz — A% i \\J'), (;’.4)
e Y=yt +0)={yult+0, 1>5>0

dy, (0}
‘75_, :>6>0

(= iyeenn)

1y (9)drp (— 8, ¢ =0

— Ay (B) = . (2.5)
3!

( =

Ans cucremn (2.2) compaseHEu{ oneparop — A°* crz;;.:;.tz;:cs 0D Y0k

ne g

. g (0) 3 whine .
—Ay@ ===, TSO>L —ay(0) ¥, 5 sy =0}

Cucrerna (2.4) COOTBETCTBYET CHCTEMS Hil=peHIHANSENX YPASKeHHT ¢ ynpexc-
JieHKeM NO BPeMeHH BHIA

dy (t) L : .
=S ut+0dn =9 =1,...n 2.8)

el

~

Cnex - oneparopa 4 COCTOMT M3 cOGCTBeHHHX GHeen Ay (j=1,%,8,...) —
KOpii.. XapaKTePHCTHYECKOTO YpaBHEeHHA

A =|—Er+ 5 M dy (0)] _ (2.7)

‘Coberrennnle YHCIA oneparopa — A* YAOBICTBOPSIOT COOTHOWIEHKIO p., =2 — Ag,

{o=12...)
Cocranin CKaNfpHOR NPOM3BEACHHE ABYX BEKTOPOB:

x(9) (-—jr<ﬁ<0) Hy()(x>0>0:

<O 5O = 35 OUO = 3§ 5 @u(=0+ D& e o)

J=-1 t.;—x -
2.8)
HenocpencToeHRHN | MOACHETON YCTAHILAGLIATEA CRPABORAHEOCTe TCRIICTAA
{Ax(9), y(ﬁ)) = x{<5 AY(o) (2.9)
apH ucSux saenenrax x (9) u y (9).
473




e

QLA GICRYET, M0 L0 BOARDEG O N CHCTOMU D14, b iialiind i
BOCTORGHY 300D ralilil BPOMOL 4, LuDamee

(8 pit+0) -C (et

T heP2mM piierpanta crncromu (2.3), Toauv ofpasar, . o RN
. A ¢ oeopien ol CORHECRHMY QHOPUDSNUITILILIE Y L i
¢ LOCSTOMNEMA KOt L onTE i,

CrraecmoyeT TERC2 Lol W00, YTO KPITIOCTh A100010 KOOHA X pu i i.i-
crnniskers ypagnantn (2.7) e Gor2e ng Tiyers Lo

T pneniNeckoro ypanmounn (2.7 Torns ypasucnus

(2.13)

LW VIS0 KRLeS.
i70a % (3) one-

{Cie J — TomecTBeHER Dier T,
HC QO3aBHCHMBIX LTI AR THEWY

JA12pa A 1 KOPLOSHN FIAOMCHIUL & 7)) OmInaion LR yDabhe-
add (2.11) mpu fg == 1 an KT LO0CT Tl MU TANI, Lo IDYTRG

HODHEBBIC SJEMCHTIY Hals arores LDLCOCALEL LI, I‘iycr;—, 00 LLSTLO xop-
HOBAY 3JCMCHTOB ofepitepe « ani wepued & ..., Ay Oyayr =, (9,
<- o Xy (U), 8 TMHOKECUS0 KOPHCLHX BJACNCIIUL DIePAToPR — A°, COOTT
CTRYIOIEX TeM ¥ kopuiru, OynyT g, (0), . . ., Za (W) MoXKEo nowceaty, uil
STh SACMEHTBl BCCIAA MOTYT Owrb” sumbpaum 72k, uTofu SBAH BL.OOKUCHR
VCAOLUS,

Ecmt x; (§) coberpeuuniy o , A It eMy He COOTIeICTBY.”
NPHECOCKHHERHNX IACMCHTOZ, TO LACWT ROECT. Yyl liLi

ey
—
-

J=3 o
Iov PR b

(3B 53 (0

Ecan saementit X (0), X 0), o0 o) e g\“/} CITSAROT BRnOUKY SRopaaka
(x; () — coberneinuiit omement, sw%:,5(8), « .+ ., £im (0) = BPHCOCIILIGHILIS
SICMCHTB), TO CONPSLRENHC' 7 3297 Lyy 60T Siseiarh menouka Xopasia
Yih o o ¥em (9) 5 Gy, o L uro yOnoohs: ‘

N s e=g 0Casm
X '0. Yiam Ty _ '
(/*k( ) Jl" G( )) ‘\U 55"4{3, 0<°<m'

_ (2.13)
(pa () 4 (8)) = 0 (6<C}y 6> )4 m);

(A1) 2(9) == 0
(A= M) 2y (0) = poamy () (s 1y, ). 14

Aouverud, W10 Agw o Ay = UCe ROPEH XaPARTCPHCTINECKOTO Yp.od.:
Hityn 7}, yronaetnopsioutie yeroLio Redy > —a, (f= 1, .., N), the e —
HOROTUDOL  NOAOHCHICALHOE HCTO, I7Wih A LJuTO CTOMLKO Pa3, Xakosa coro

Kpuinocth, JanpuueM N = N (&) ¢y indnonaton

Fr(x(0) = (x(0), () (=100 N), (2.15)

Yeaooius ,
@) =0, (j=1,..., M (2.16)

onpezcaor noanpoctpanerso J (z) o :soerprictee € [—,00. Mponssoanuumi
ancueny x (0) npoerpanctsa € 11,0} . onier Cuto npeactanaon b e
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i

; Xy = Y

N

s+, (217

o

Tae '
R (2.18)
QLA KMOCT MECTO cayycit (2.12), u

Hash = fc«m:-k {x{9); (==1,....m}, ) (2.19)

€CRIL HMEST MeCCTO cnyvadt (2.13).
R Ipx stoM B HOBHIX ACDCMIENUBIY oy, + . ., Yoo o L) CHCTENZ YPATHRHHI:
(2.3) uMzer Bux

. 'Ebf" con(},(%\ﬂl/\/
i =My, (mymesEn. (2.12))

dﬁ"/‘-rm
- = MYjems !
dy]+m—x - { *NQP ané”“ww
Tar T Mbrmea T Y b (npu yescuaw (2.13)) 2,20}
L I R . A R S T o . ‘;
y dy A . }
@ = MY Y } .
dz'<{l' PYR % FOURY Yo S
= A2 18), e .20,
Lie 2oM cnextp cuepziona £ mo J /&) COCTONT ¥3 CCOSTBCHYRIX wic .. ‘.

G = 0 oL, ..., 2 HCRINOYeRNeM mepisiX N I A, ..., A

.
3. K Tec i sAHSHHBX NEPHORVSSCA.L{ CHETEM ¢ LOCKekRiCTRHEeM
PaceMOTpUM CHCTeMBI, ABHIKEHHE KOTOPEIX ONMCHRAOT ARGGeDHUHATSHAE
" ypasueHHEs ¢ NePHOLHYECKHMH KOuDOUWLCHTAMH ¥ NOCACHENCTBHEM BHIA
idx ’
£y 1 1
- \[\{T{’ —(?—==F;(t,x;(t—;—ﬁ),...,x,,(f—;—*&)) (S=l,..-,n), (3.1)
" %

n

Fid @), @)= {p., ()%, (0) +
K 0} = X
+ NG i—w+ { G DG (S=1,...5
i [ -

3necs Pijy oy — DEDHOANYECKKE H B2IDeouSie GYHKUKH BPeM2HH ¢ Repus-
Aa w, dyuswin fuy (6, £) renpepunin no ¢ i ;5 ofaactt — v < £<C 0, — w<
< £ <+ 00,0 OTHOWEHIO K ¢ OHH NCOHOZLNEN C IEPHOACM ©, T > Ty — 3a-
QA3 0 5 CACTOME.
Tauors pon. crcreMst paceMarpesanics B paborax [13, 14, 15, 16, 171,
B npostpuiciie nempepusunx dyukauit € [—1, 0] ¢ paree ykazanuo? xop-
MOil i < (0] e yraznenusM (3.1) 9XBHBAZEHTHA cHcTeMa COLIKHOBEHHWX Audibe-
PehLiii. _i.uX ypicinUd € ONEPaTOPHOR Npasofl YacThio BuAA
)
&0 PO, (3.2)

e 4 e S




a0 A e e S 1o 0

e ket o et o AR e b 0 i = =

e e s e

rac x: (9) = x (! + ) = {% ¢+ 0, =< G0, €= dy iy, b bt
patop P ) OyaeT

L (9)
P)s(d) =} &
{ ¢

e 2D
v mTRERY 0 (= (33)
{3 (8), o 2 (O en

Iycts * (%, (8, to §) — PLEising CHCTEMb! (3.1) ¢ nauanenoly
%, (0) B IOMEHT BTINCHH to, % (25 (0 Gy == 0 = 2 (). Tersn X
= % (%, (0), toy £ DN s T L0 oupceroAser DUicnie CHCIE
¢ TaYanbiOK QYHKLUCH % ). oot ““«'q& JODEHHON ¢ INEMRUT X *) sToro
pelleiii MOHKEO PLOCHITINBATD : SLHOTO BAEMRHTL L U) TPH
0TOOD ArEHIH

@@ T oL @ {S-4)
e T ToE sarcs

i - ~@HHBk : LT s onvT I Topa
7 : iy e eewn? OT : oB . ospa
T {5y -+ o, fyy wiapen e YETORY .. R SR v o= 0.
Fear r; Sosbluie @LHHYIH, TO A : x = { cueventl \ol o 730,
Fonn 7y MCEbIIE S7HMUEl, TO RA3iik @ X == 0 2CcAMOTOTHNECHL | 130,
TTonysex aHaIHTHUACHL] oL COTTLT SN B np}'coe,.;fmem.bxx 33 . omes
naropa. COOTDCRCTEYICLIEE HM vro. - caus (3.1) mpoRoREN . LS
BREMEHHYIO OCh ¥ I suff BUER. L&K, COUCTEEHNLA BeK-

TOD Lo (U}, COOTECTLTE, 0N At CoSeTiRE . o, YaClY Dgy HMEET BAZ .
LI = gDy (8), —v <o <O, 3.5)
rre Do (§) — meps. T UH 53 ”cwo,qa ¢ GpH HIMemen . . li.o 2 ]
ua wiTepBane (— » - Rk .07 MPOMSCOLHEE N[O T L, IKONB

YrOLKO EBICOKOTC + .07
Paccmorpun o Y10 C.acTeMy Zu(ORDEHIHATBHNX 3 o - one-
peKeHHEM IO BPCLL.:

dy, {0) . ) :
—',—“—”-:-—Fh vy ;t-‘r'ﬁ'\,..-,_, \—f¢,, S'—'—l,.. .. 3.6
W\\QYQ T . (2 ol ) n ) ( 3.6)

—"F‘&(tv !Iz("})-- . 'vyll({))) = - 2 P;s(t)!//(e)—'

n k a0 =
'—'}:\, chll(t"}"“)y!”:;)_g S fll(t-—‘ ; J[(—Q)a‘.\'(°'_l‘v"-t ';-
Jmy gy fuud T

3iech p, ¢, frewo uTC B (3.1). B dynruucIaanion mocrpa:zc* e {—1, 0}
ypasueunan {3.5) ~nnas SHTHA CHCT2MA JUEeREBIX COMKIOLINLIMK ZuGhepeH-
HHANLHEIX YPasii. ix & OF epCTCIROR Wpéidd &t wwa ilw

dv, (3
whee T(*‘) =—P* () 4O Q.7

y!(ﬁ')=y(tj'&} ‘:(t’l‘ﬁ). «>¥>0, s==1,...,r},
—pye = {52 B> 00, ey Sex v-‘-O}

Ohoruauns wepes y (. (0), to, f) penIeR e CHCTeMHE (3.6) ¢ Havw
g, (65, 1 >0 >0 B nou2uT ppeMena fo UK ¢ <t Toraa g Yo e s (),
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RPN

"

‘-"_v, { + \rlj_. T _\ BV 0 v R

e anvr ot (2.7), Do Qusciposanua f

p:c';.... GBATb i (B0a3 DUCHUETA

4
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(x¢ (5)y y:(3), ) == coast {S.10)
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::)y.muuxwx (np}{t = #,) 27 (8) u y, (0) ccarsercrienno. Boaxud saevens & \0)
zpocrpaketsa € [— 1,0] MOKHO OJHO3RAUHO WHPEICTABUTL D BHAC CyMMul

N L
x(ﬁ): }: a;x,(t—-!o-é-'&) o, - +Z.d)' (3.'2)
Ja=1
rae
=ty
ai:(x(x‘)), _/’(t—£04-\,)p," G =40 N), (3.13)

t-1,

(20 y(t—to+ \‘})p’ =0, (=1...N). (3.14)

Taxi4 0635364, CCETRA MOXKHO NepeRTd oF nep;me.hnoﬁ x (9) B cucreme (3.2)
K CKLTAPLLIM HCPOMCHHBM @y, « - +, Gy B MEDEMIHHOH Z (0), mpunazzexiaiiel

n0ANPOCTPaHcBY (3.14). B BSLIGNCHHNX nepexesunX CHCTeME ypaBneuus (3.2;
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Puocenotpnm ¢

ro :mxu. R
soSunax i, 1(
Loviidn (2.7) dnl ‘:n:. ..
avane x = 0 cerer
CHNO OT BIHAA itC:h
@t ypasnetin (2.7,
Gl NACTLIO HLLOT
Melne OyCT HOYCTO:! BRI AR IS TN T
TTukiat o0pusos, A1 CTAUHG! m').x"' cooroon i) TR .i\.CLA
SUCTO ROMHAA GLAN0UHsE € OOBIKUCHUHI - & L0 L pCH . : eni
L .GApece 00 VOTOnuiLoCTH No ACDLIC HRSUUERCN TR Cls TS
3G, WT0 TAKOMG DOSA SIPCVIORKCHIA IMCIUY 050 i A%
Cxot cueTeMu Tiite {1.1) ¢ creTenolt nenLe o Nl L
npefviorkeie 00 acit ITOTHRCCKOR YETOLM LOCIH NOAYUCHS B Dats. & -,
TOPOE MPELNOMKEHID I HEYCTSIUHBOCTY OAYUALTEA TAK #4¢, KaK o - 2l
Ha (a3 Puci [CHACHIT, YKA3AUNOTO B (16}
Kerpa cpett KO,acll XAPAKTCPHCTHUCCKOTO YPALHCHHSA HMAOTST KOp.il
HY.iCLHC 11 WICTO MHEMBIC, MMCCT MCCTO TaK HasLiBeMbll KpuThucckuii ¢y -
Uak. .\p.mm\ SKHC CIYUAH OAUIOTO HYACBOrO M MAphl YHCTO MHIMBLIX ROJ el Lo
CTadHCLADHBIA CiteTen BuAa (1.1) paceMoTpoHu B paGOTax [20]
OTanosinics Iiv,.noduee Hid Mcc:xenosmmu YCTOIIUHBOCTI B KPUTUCCKC. .
cayyae OALIOMO Hysciore Kopia A; == 0. [lpeanoaaraerca, uTo Bee cerTanbhl
KOpHH ypasrenisl (2.7) umews o*puua’renbuue BCLICCTBOHNBE walTi, Motoanys
peuleins 3a1a4l yeroiiunbocti: asaserca ofobuennenm yetoa Jisaynoua, pas-
BHTOIO }M JLIR CHCTCM, ONUCLIBACMIIX OBLIKHODCIILIMY anddepeiitianbron
ypasncnusmit. B pacem: UTPHELCMOM Cayvae A0) = 0, so0 A (0) == 0. OGosna-
i uepes Ay (0) aarcGpaimicckoe ponoauenie K 9. l&\ﬂ.‘.h) CTORLICMY B hepe-
ceucHill & — cTPOKH 3 f- Konomn ponpeaeanreae A (0) 2.7 Myeen Ay, (0) o=
=0, g () = {An, G J==1, ..., nye>d >0 - const. ’m

x) l). .

oS .i\,fk\.‘..\‘ \'

Q)yuxuuogim F@) = (x @, v, O). %8 pactiiphd  BOKTOD Xy (U) v

[_' T,
21 (0) = {&r, 7 (00} (Au, (0) A" (0))™ = const (D), —T<CO<TO0. (41)

e

Npouspoabuuit saevesr X (8) & C [—1,0] Moxio canosnawio upeicTaninn,
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Ypasiekae (2.3) nprnuMact pua

dy/dt =0, R

dz (0 dt = Az, (0Y, [iz{,, =0,

A conetena (1L.9) npuunmaer pus

dy, dt=Y (g 29)), . 14.4)

e (8) [ dt = Az (0) + Z (9, 2 (D), ©), [lz:(T5) = ©.

Jrzeen Y (y, 2 (B)) — dyuxwonan, onpeenremufi ¢opiysoit ¥ (y, z (0)) =

= f (R}, a oncparop

X(3) = xg () -1 2 {0). {44

Z(,2(8),9) = R(x1(8)y + z(033 —x1 (O) Y (1, 2(0)). (4.5}

PaceMotpin Qyun:

Y (5, 0) = gy™ + .. Z(, 0, 0y = g1 (D)™ + ... (4.6)

Tlyers o:, > m. Toraa, ecan m newernoe uicio ¥ g<< 0, 70 JCiKEHHC

x = 0 aCHMITOTHUCCKH )’CTOL-NHBO. Ecan m 4eTHSe HAH HEUETHOS Hilci0, HO

& >0, 10 nzixeune x = 0 KeycTofiuiieo,

Yeaoeie iy > m MOXHO clecncuiiTh, €CAH cAckaTh noacranosxy 2 (0) =

= z; 4 u (3, ), rae u (B, y) poeus ypasHCKHA
Au(®,9) + 2y, &0, ), 9) =0, N

vAcEReTEOpmcinee  yeaobuio f {u (B, y)} = 2. Ha nnocxkoern fix(0li=0
vDapHenre (4.7) nonyckaer eluHcrochuoe pewenyte 4 (U, y), amadiviyecko

CTHOCHTETBLO Y W AHGXpepeHUMpYeENO2 no .

IpecSpasopanne YKa3aHHOTO THNa bCeria obCCrEqHBACT YCROBHE m2, > m,
eCJIA TO/ibKO 5TO He ocobwiit cayuaii, xoraa Y (y, u (4, y), €) = 0. B stom cay-

Yae MMEeT MeCTO YCTOMYHBOCTb HCBO3MYILeHoro ABHmenHs x = 0 [20].
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YCTOﬂqHBOCTb CHUCTEM C 3ANA3AbIBAHHEM o
C.H.llumanos
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. Hoknan nocesiuer 0630py paGoT Mo YCTOAYHBOCTH ABHXKEHHS CHCTeM, OMH- !

: ChiBaeMbIX JudxpepeHUHaNbHBIMH YPaBHEHHAMH C MOC/efeiCTBHEM UM 3aMa3fibl- “

, BaHHeM no BpeMeHH. ITpH 3TOM Mbl OCTaHaB/HBaeMC B OCHOBHOM Ha TeX pabo-- ’

o Tax, B KOTOPHIX B TOH HJIH HHOH Mepe HaULTH 0Go0lueHHe H3BECTHbIe Kiaccuue- -
", . CKHe (DaKTbl TeOPHH YCTOAYHBOCTH O JIATMYHOBY A/t CHCTEM, OMHChIBAEMbIX OObIK- - -
HOBEHHBIMH Au¢xpepeHUHaNbHBIMH ypaBHeHHsaMH [1, 2, 3, 4] Ciona oTHOCSITCA ‘
METOA, HCCJ/ICAOBAHHA NPH NOMOUIM (GYHKUHOHAJOB, o6uum HOJXO4 K paccMmorpe-’

' » HUIO YpaBHeHHH c 3anasjbiBaHHeM B (HYHKUHOHAJbHOM MNPOCTPaHCTBE, YCTOM-

. UHBOCTb NO TEPBOMY NpPHONMKEHHIO, TEOPHT KPHTHYECKHX CJy4aeB, TeOpHs ,

L * YCTOHUHBOCTH JIMHEMHBIX H HeJIHHEHHbIX NEepHOAHYeCKHX cHcTeM. B jokaagze |

Lo B OCHOBHOM HCNO/b30BaHbI ONYO/HKOBaHHble PabOTbl COBETCKHX H 3apyOeMHbIX

; aBTOPOB, a TaKXe COJEPHATCH HeKOTOpbie HOBble pesyJbTaThl OOLIEro ‘Xapak-

Tepa, KacalolHecs TeOPHH YCTOHUMBOCTH HEPHOLMMECKHX CHCTEM.

‘ ‘ Criepyer OTMETHTb, YTO HHTEPEC K Pa3BHTHIO TEODHH CHCTEM C 3ana3jiplBaHHeM

o : H, B YaCTHOCTH, K TEODHH YCTOHYHBOCTH CHCTEM C 3ana3jblBaHueM Bbi3BaH He {

oy . TOJBKO CTpeMJ/ieHHeM K pacnpocTpPaHeHHIO MeTonoB JlamyHoBa Ha Bce 6oJee

i : H Gosee oOmue 06beKThl HCCJENOBAHUS, HO M 3anpocaMu NpakTUKH. KasectHo,
P . YTO B CHCTeMaX aBTOMATHYeCKOTrO PeryJ/IHDOBAHHSI HMEIOTCS 3BEeHbS C 3amasfibl-
S C BAaHHEM MO BpeMeHH. 3anasfbiBalHe MOXKET HMeTb MeCTO B oGbeKTe Pery/iHpoBa-

_* HHfl, YNpaBJsiolleM OpraHe, B OGPAarHOM CBsi3H. 3anasibiBaHHe HMeeT MeCcTo
- B CNENMUMX CHCTEMaX NDU HAAHYHH AaJbHeH JHHUH CBA3H. HakoHel, B Me-
XaHHYECKHX M 3JIEKTPHUYECKHX CHcTeMax AHddepeHIHa/NbHbLIE ypaBHEHHS C 3a-

Na3/biBaHHEM OKa3biBalOTCA YAOOHBIM anmapaToM B TOM CJiyuyae, KOTJa 3TH CHC-

: Co ' TeMbl MMEIOT Pacrpefe/eHHbIe JeMEHThl WM eMEHTHl ¢ GOJIbIIHM YHCJIOM CTe-

‘ nereil cBoGonpl. [locuennee BpeMs Auddepeniuanbible ypaBHeHHs ¢ NOC/enedi-
CTBHEM HALIK CBOE NPHMEHCHHE B TEOPHM YNpaBJeHHs, KOTAA HeynpasJ/seMas
cHcTeMa OObIKHOBeHHBbIX Au(pepeHLHaIbHbIX YpaBHEHMIT OKa3blBaercst Ympap-
JIIEMOH B CJ1yyae, eCJiH OHa CrOCOGHA HaKanaHBaTh HHGQOPMALMIO Ha HEKOTOPOM
OTpe3Ke BPEMEHH; MPU STOM ABHIKEHHE TaKOH CHCTeMbl OyJieT ONHCHIBATH CHCTEMA

7 C nocJiefieliCTBHEM.
Takum 06pasoM, Pa3BUTHE TEOPHH CHCTEM € 3amnasibiBaHHeM u B YacCTHOCTH, ~

TEOPHH YCTOHYHBOCTH OOYCJ/IOBJIEHO 3alpOCaMH NPaKTHKH.

i
L o - o
1. Meroanl MccmenoBanus. OCuwinii mozXom K 3ajaue ‘ 1

Paccmorppm 06iiLyio cucremy AHQ)(pepeHunanbnux ypaaneuuu ¢ nocaefleit- -
CTBHEM BHAA .

;"\ L i(t) i Sx/(t’-}-ﬂ d'f]u(\‘})ﬂ'xl(xl(t‘i'ﬂ)s-“oxn(t“*‘ﬂ)) (1_1,...n),

D1 ‘ )
| BY)
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1)

TAC HuTerpadwl monuMaloTcs B cMbicie Cruatbeca (4, crp. 1591, ny (9) —

¢yukunn  orpauuueHHoft  Bapuamnu, X; (x; (8), . .., Xa (0)) — Henunednbe. "
DYHKIHOHADI, onpefieieHHble HA KYCOYHO-HEMPephIBHLIX byukuuax {x; (&)}

aprymenra O, KOTOpblH MeHsIeTCA B mpefeax — T < 1‘} <0, u npe,uc*rammor
co6010 HesHHelHble BO3MYIIEHHS,

Toyxee X; YAOBJETBOPSIOT YC/OBHAM JIMNUIKIA MO Xy )
| X (5 ()1 o0, () — Xe (4 (9), -0 6, ()| LI () — ¥ () o
1) = sup {1 (), - ., [2a (D) ], —T<D<O),
L L=L @+ O "

3aech Ly, & — nonoxurteabuble yucaa, X; (0,...,0) = 0.

Henenne x = 0 Oyaem Ha3biBaThb HEBO3MYIUEHHbIM ABHMKEHHEM CHCTEMb
(1.1). OnpeneneHns YCTOIYHBOCTH, ACHMITOTHYECKOH YCTOMYHMBOCTH, Heycroii-
YHBOCTH HEBO3MYLLEHHOTO JABHIKEHHS Ja0TCA OGHIYHBIM 06pa3oM IMPH TOMOLUH
HopMbt || x (9) ||« .

H3BecTHO, uTO BTOpO# Mertoh JIisnynosa (uiM MeTOR GyHKUMP JIsnyHoBa)
SIBJISIETCA OCHOBHBLIM METOJOM pellleHHsl 3ajady YCTOHYHBOCTH. Ilépebie iaru

B HanpabJileHHH NepeHeceHHs 3TOTO METOAA Ha CHCTEMBbI C 3ana3fibiBaHHeM OKa-
3aJ1Ch Ma/NoNJoA0TBOpHLIMH [5].

DBonee 3(ppeKTHBHbLIM OKa3ancsi Metod (YyHKUHH JIanyHoBa, B KOTOPOM K -

NpPOH3BOAHOMY (QYHKIHOHANY npekbsiBiasiercs TpeGoBaHHe ONMpefeIEHHON OTPH-
1aTeIbHOCTH Ha 60Jlee y3KOM MHOXKeCTBE KDHBBIX, YAOBJETBOPFIOIIHX HEKOTO-
POMY IONOJIHHTENBbHOMY YcaoBHIO [6, 7]. OCHOBHBIM HEJOCTATKOM NPHJIOKEHHSA
¢yHKuni JIAnyHOBa K HCC/IEOBaHHIO YCTOIYHBOCTH CHCTEM C 3arnasibiBaHHeM
ABSICTCA HX HEYHHBEPCAJbHOCTD, HeoOp aTHMOCTb TeopeM 00 yCTOHYHBOCTH
H aCHMNTOTHYECKOM YCTOHYHBOCTH.

Crennduxa ypaBHeHHH ¢ 3ana3fbiBaHHeM MO BpeMeHH HJH GoJsee obwux aud-
¢epeHLHanbHBIX YPaBHEHHH ¢ MocJeAelicTBHEM BriepBblie Obljia yuTeHa NyTeM
3amensl ¢yHKuMi JlsnyHoBa QyHkuHOHANaMK JIsnyHOBa, onpejeJieHHbIMH B He-
KOTOPOM (DYHKUHOHANBHOM NpOCTpaHcTBe, Hampumep, C (MPOCTPaHCTBe Hempe-
puiBHbIX GyHKuui). TIpn 3TOM Teopembi BTOPOro MeToAa JlsnyHoBa mnpu pac-

CMOTDEHHH pelleHHH - B (QYHKUHMOHANbHOM INPOCTPAHCTBE HENpPepblBHBIX .

(YHKIMI OKa3aMHCh YHHBEPCANbHbIM CDEICTBOM HCC/EIOBAHHS, TaK KaK OHH
obpatumbt [4].

YHuBepcanbHblil MeToJ, «YHKI{HOHAJIOB» JISIMYHOBA MO3BOJIHJ MOJYYHTb Pl

OYeHb BaXKHbIX NMPUHUHNHAJBHBIX PE3YJbTATOB 110 yCTOl:'l‘IHBOCTH CHCTEM C ocnie-

JerictBHeM [4]. Juddepeninanbhble. ypaBHeHUS ¢ 3aNasibiBaHHEM MO BpeMeHH
(c nocnezeiictBueM) SIBASIOTCH (YHKUHOHANbHBIMH YPaBHEHHSIMH, TaK KaK OHH

. OTpeNesisSiOT B MOMEHT BpeMeHH ! MPOM3BOJAHbIE MO BPEMEHH OT HCKOMbIX BeJH-
YHH X (f) KaK QYHKIHH He TOJBKO 3THX BEJUYHH, MOACUMTAHHLIX JJIS MOMEH- . .

Ta {, HO H 3THX BeJIMYHH, MOACYHTAHHBIX K MOMEHTaM BpeMeHH ! — T;, AJis npek-
LIECTBYIOUUX MOMEHTOB { Ha OTpe3Ke 3anasapiBauus [{ — 7, {] (nmpoussonubie
10 BPeMeHH OT BeJIMUHH X; (£) ABAAIOTCSH QYHKUHOHANAMH Ha oTpe3Ke {Xs (¢ + 9),
— 1 < ¥ < 0}, T — 3anasapiBanme). [TosToMy B KayecTBe 3J/ieMEHTa pelleHHS
©CTeCTReHHO NPHHATb OTPE30K WHTEI'Pa/NbHOM TPAEKTODHH CHCTeMbl C 3amasgbl-
BaHHEM, H CaMO pelueHHe NpH arom pabcmarpuaarb B NPUCTPaHCTBE HERpCpLIB-
HbiX Qyuxumit C [—1,0], x (9) = {x,(®), i=1,.. ., n, — v << ¥ < 0} c Hop-
MoR_| % (9)fc = sup (2, ()], .., | % (], —T<O<O. -
[ T?KOH NOAXOA K CHCTeMaM C 3amasfbiBaHHeM 6le1 npenJioxkeH B paBorax
4,8

Hrak, 6yaem 6paTh B KayecTBe 3JIEMEHTa PellieHHsT CHCTeMbl (1 1) He BeKTOp—

DyHKUHIO BpeMeHH X (X4 (9), £, £), a BeKTOp — OTPE30K TPaeKTOpHH X (X, (w),

oyt 0), —v<<U<O0. Ecan o1 x (% (0), £, ¢ + #) BbIMCAHTD NepBYIO

T m

ﬁngaAzf\m‘t can

-~

‘

B o e A et i e e G A TN e e S S e AL SO st i Ay e

(1.2)
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i = NPOH3BOAHYIO N0 BpeMerH ¢ npu ¥ < 0, T0 HaiifeM

: , ' dxg (%o (D), o, £+ 0)  dx,(xo(8), fo, £+ 0)

b dt - do ’
At—+0, —r<H0.

R . TTosTomy cucteme ypasnenuii (1.1) B GyHKUMOHANLHOM NPOCTPaHCTBE Gyner
o COOTBETCTBOBATh SKBHBAJEHTHAN CHCTeMa «OObIKHOBEHHBIX nu(pq;epenuuanbnux
. ypaBHeHHii» C onepatoprolt npasoit yactbio (4, ctp. 162], (8] .

i " ' ) : dx‘ (®

i . )

£ ' ‘
‘ —Adm+me» T (L)
IR . o 'x,(\‘})=x(t+\‘})={x,(t+0),' — << 0},
A i S . ' '
P L (de @)
ey | S I_“_"_ —1<H<0 ,
T e =l g
N Y (u®dng(9), 8=0
o it = - ‘
g 0, —r<O<O
i . Rix (8 _{ S (1.4)
o - (e (®) X (02 (9)y . e 0 Xa(9), 9=0. ( §
{ o ' To o6crosiTenbcTBO, YTO A — HEOrpaHMUEHHBIN JIHHEHHBI onepaTtop, He Me-

U ‘ ‘ 1WaeT MCnoJab3oBaHMIO cucteMbl (1.2) B xauectBe ynoGHoro paGoyero anmapara
§ ! HCCJIeIOBaHUs. YKa3aHHbIA NOAXOA K AuddepeHUHaNbHEIM YPaBHEHHAM C [OC/e-
Y B JeiicTBHeM (3amasfbiBaHueM) H MeTOZ (YHKUHOHANOB OKa3anuch 3¢xpeKTHBHBIMH

. CpeACTBaMH HCCJENOBAHHS CHCTeM C 3amna3fibiBaHueM, MO3BOJIMBILMMH CYLIeCT-
BEHHO NMPOABHHYTb TEOPHIO YCTOMYMBOCTH IJIsSi TaKOrO poja cHcreM [4, 8].

B KauecTBe NpHMEpa HCIOJB30BAHHS 3TOTO HOAXOAA OCTAHOBHMCH NOAPOG-
Hee Ha HeKOTOPHIX JOMO/IHEHHSX K TEODHH Jmneuﬂux CTAaUHOHAPHBIX ypaBHe-
HHA C nocneneucmuem. .

N |

2. K 'reopuu‘nnneﬁﬁux AuddepeHUHATLHBIX YPABHEHHH ¢ HocjaefeAcTBHEM

{

{

|

]

)

]

f .

(N Paccmo*rpum CHCTEMY mmemmx nudxpepeﬂunanbﬂblx ypaanemm ¢ nocnae-
; ’ JelicTBHEM BHZA :
]

i

4

1

i

i

(2.1)

L

SRR

.; 'TIe HHTerpasjbl B NpaBoit 4acTH, Kak H B cucreme (I.1), nounua]o'rcx B CMbICJIe
R Cruarbeca, g (\‘)) §yHKUMH C OTpaHMUEHHOH BapHauMel, . JacTHbM ciy-
... uaeM CHCTeMbl (2. 1) 6yner cucrema ¢ 3anasjibiBaHHeM BHAA "

S N

dx, (!
CLo x“-Z}&wdﬁ+deb—ﬂ)(&—L“"n) @9
! f=1 .
\ ©+ Tocnemusis momyuaercs W3 CHCTeMl '(2.1) npu 1, (0) = sjy Moy (— T) = by,

Ney () = 0, — v < & < 0. Jlunefinbie ypaaueuna ¢ nocne,ueucmnem noxpoGHo
H3YUeHbl B KHHTe [91 S . ’

\ . - .
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ad
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)¢ Gyaer
lanbHBIX

(1.2)

(1.3)

(:.4)

e Me-
.dpata
30C Te-
sHb:-MH
JULCIT-

e
33D 0=

Jau.ie-

BH< 1

10C..e-

(2‘.)-

NN

@2.2)

= bS/v
10610

f

Ilns cucreMsl (2.1) 3KBHBaNeHTHas CHCTeMa «OOBIKHOBEHHBIX AH(pepeHunanb-
HbIX ypaBueHHi» C ONepaTopHOi npaBoi yacTbio Oyder

ldxf @)

(2.3)

rae onepatop A onpelenen dopmynoi (1.3). Oneparop A ans cuctemst (2.2)

umeer BuL Ax (9) = {dxx (3)/d® npu —r <<V <0, ax (0) +.bx (—)
npu ¢ = 0}.

PagoM ¢ cuctemofi (2.3) PacCMOTPHM COTPSIKEHHYIO cnc-reuy {10, 11 12] -

dy, (6) . .
WO __ gy, e

e M) =yE+ N ={u+9T>0>0
]dy;éﬁ),' 050 o
‘ ‘(k=1,...in)

—ay®=1 .. SIS

fo { %) o) dun(—9), 0= 0"
J=1 =

/ ,
- Ilna cucremn (2.2) conpseHHbiz oneparop — A° onpe,ue.nnercﬁ dopmynoi

dg, (&) ,
—ay@ = {52, ©>0>0 —dyO—by() npx0=0}

JeHHeM Nno Bpememl BHA2

: CoBCcTBeHHBIE YHCAA onepaTopa — A° yAOBJETBOPSIOT COOTHOMICHHIO bg = ~— Ag,

‘(U=1,2,...). [
’ Q)CTaB‘HM CKanspHoe npOHSBeAeHHe ABYX BeKTOpOB'

. Crcrema (2.4) coorsercTBYeT cucTeMe AHpHePEHIHANbHEIX YPaBHEHUH C ynpex-

a0 4% | 3 o
B0 ——3 Sy/(t+ﬁ)dn/.(-—ﬁ) (s=l,eem) . (26)
A' Pk A , ‘ . ‘
\Cnex’rp oneparopa A COCTOHT Ha coGeTBeHHBIX uncen Ay (f = 1, 2, 3,. o) —
xopneu xapampncmqecxoro ypaanemm . , o :
o | A(A)Ele-EA.+ 5 eodn (9)| =0. T @n

L @< iy E> 00 :
Co Con R
w® g =Nu0u0 =3 §Ju®u—o+9 da] dnye (9).
J=1 . I,1=1—1 0

Henocpencmeﬂﬂum HOACIIETOM ycranaannaae'rcﬁ cnpaaennnaoc'rb TO}KJIECTBa
(Ax (B, 500 = (x (f». A'y w» S @9
mpn JioGbix SJeMeHTax X (0) H y (ﬁ)
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" YCJIOBHS. . .
Ecau x; (0) coGcTseHHBIl 37eMeHT onepatopa A H eMy He COOTBeTCTBYeT
1

Orciona caeayer, 4TO IJs BCAKOTO peilleHHst CHCTeMbl (2.4), NPOAOAMKHMOro
B CTOPOHY BO3pacTaHHs BpeMeHH {, Bblpa)cenHe

(x(®), y(¢t+9)=C (2.10)
Oyzer nepsbIM HHTerpajoM cucteMbl (2.3). Takim 06pa3oM, 3fiechb HAAHLO aHa-

JIOTHs C TeopHeH OOBLIKHOBEHHBIX JIHHEAHBIX AH(XpepeHIHaJNbHBX YpaBHEHHH .

C MOCTOSIHHBIMH KO3(xpHLIHEHTaMH.

CyiecTByer Takoe Liesioe YHCAO, YTO KPAaTHOCTb JIIOGOr0 KOPHS XapaKTepH-
CTHYeCKOro ypasHeHHs (2.7) He OGosee n, Ilyctb A; — KOpeHb XapaKre-
pHcTHyeckoro ypasnenust (2.7). Torpa ypaBHeHHS .

(A— M) (8) =0, (— A" —MI)"y(9) = (2.11)

(rae I — tomaecroenubit anement, /x (0) = x (V). UMEIOT paBHOE YHC/O AHIICH=
HO HE3aBHCHMbIX HETPHBHAJbHBIX pelieHHi — KOPHeBbIX 3JeMeHTOB X; (¥) omne- -
patopa A M KOpHeBBIX 3/eMeHTOB y, () omeparopa — A°. PelueHus ypashe-
uuit (2.11) npu ny = 1 Ha3bBalOTCH COGCTBEHHBIMH 3JIEMEHTaMH, BCe APYrue
KOpHeBbie 3JIeMEHThl HAa3bIBAlOTCS. NpHCcoeAHHeHHbIMH. IlycTb MHOM(eCTBO Kop-
HEBbIX 3JIeMEeHTOB omnepatopa A AJas KopHe#t Ay, ..., Ay 6yayr x, (9),...

.+ Xy (), a MHOXECTBO KOPHEBHIX 3JeMEHTOB omneparopa — A°, coorser-
CTBYIOLHX TeM e KOPHsM, O6yayT 4, (9), ..., yv (¥). MoxHo nokasarb, yro
3TH 3JIeMeHThl Bcerja MOryT ObiTb BbiOpaHbl TaK, YTOOBl ObIJIH BHIMNOJIHEHbI

NPHCOEAHHEHHBIX' 3JIEMEHTOB, TO HMEIOT MECTO YCJOBHA ’

f

o, won={ 170 e

,'Ecan sgementnt X; (8), %0 (9), .. ., Xum (8) cocrabasior uenouky Kopaana

. (%7 (9) — coGcTBennbift  37eMeHT, a Xpq (9), . . ., Xum (0) — npHCOeNMHEHHBIE

. SJIEMEHTHl), TO CONDSIKEHHOMY OnepaTopy GyAeT OTBeyarh uenouka )Kopaana
Y @), .« oy Ypem (8) 1 GyRYT HMETH MeCTO yC/IOBHS: . N

Voo=k O<o<m

: "(x/;k (’0), y1+m—c () = { 0 s +£k 0<o < m

- o (2.13)
(*1+2(8), Yo (8)) =0 (6 <jy 6>j+m);
H : - \
(A—NMDx;(9)=0 .

. : 2.14
(A— D) 108 (8) = Xpsas (8) (B =1,...,m). (2.14)
HonyctiMm, uto Ay, ..., Ay — BCE KODHH XapaKTepPHCTHUECKOro ypasHe-
aua (2.7), yropnersopsiomye yclaosuio Red; > —a, (j=1,...,N), riea—

HEKOTOpOe MOJIOMHTe/ibHOS UHCI0. 3Jecs A;. B3STO CTOJABLKO pas,” KakoBa .ero

KpatHocTb. 3anuuieM N = N (a) dyHKunonanos _

o S @) = (), 9,8) (i=1,...,N). - (2.15)

Ycnosus ' ' T .
‘ fl(x(ﬁ))=0’ (j=1,..-,N) - (2.16)

Ofpene/siOT MOANPOCTPAHCTBO JI (&) B 'npocrpaHéTBe C [—,0]. [TpouspoabHbIi
anemedt X (%) npocrpancrsa C [7-1:,0] MOXKeT ObITb NpeACTaBaeH B BHAE
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o=N+1,.

ok1 -

nasjibiBaHle B CHCTeMe.

L . ’ dx‘ (0)

i

' N
A = 3 pex (9) + 2(0),

K io]
+ 3 ga ()0 (=70 + | fult BN},

[TIpu stoM cnextp omepatopa A Ha JI (&) COCTOHT M3 COGCTBEHHBIX YHCEN Aoy
- +» 32 HCKJIOYeHHeM mepBhX N : A,, .

.« AN

= =P Ou®),

' ',(2.17)

rae
Yo = fo (x(D)), (2.18).
€C/IH MMeeT MeCTo cayuadt (2.12), u o, . .
Yook = forma (X () (k=1,...,m), T (2.19)
€CJIH_1iMeeT MecCTo cayyan (2.13). ' ' ~ ‘
I[Ipy 3TOM B HOBHIX HepeMeRHBIX Yy, ..., yny ¥ Z (§) cucrema ypaBHeHH# ’
(2.3) umeer BuR ' : S
. %—’- = My, (NpH ycnosuu (2.12))
dy; )
dl; —-K/y/m, i ) )
Yi+m-1 . ’ ;
'_:";: = MYjsm-r —Ypm L (npu ycnosun (2.13)), (2.20)
® e 0 4 o o 4 o 6 & 4 o & o 0 . )
dy L
\ —#:L,y/—-y/n; . L
~ d 0 . '_ .
W= a0, aea. @21):

3. K TeopuH JNHHEHHBIX NMEPHONMYECKHX CHCTeM C NOCJAeAeiCTBHEM

PaccmoTpuM cHcTeMBl, ABHKeHHe KOTOPBIX ONMHCHIBAIOT AH(XpepeHIHANbHbE
yPaBHeHHS ¢ NMEPHOAHYECKHMH KO3(pHUHEHTaMH H HOCJefefiCTBHEM BHAA

2 /’ %‘=Fl\(t1xl(t+e)""9xn(t+ﬁ)) (S'=1,...,ﬂ), - . (3’1)
rie - i \ '
Foltoa (), xa(®) = 3 {pu (050 +
. ‘ =1 .

'(.s= I, ...,n)

- 3nech psjy G,y — NEPHOLHMUECKHE H HENPePhIBHbIE (YHKUHH BPeMeHH { MepHO-
© A ©, QYHKUMH [y (¢, &) nenpepuipnst no £ ¥ § B oO1acTh — 7 << EC 0, — 00l
; < ¢t < -+ 090, 10 OTHOWIEHHIO K ¢ OHH NEPHOAWUHDI C IEPHOLOM W, T > Tg — 24a-

Takoro popa cucremb paccMmarpuBannch B paGorax [13, 14, 15, 16, 17).
ih B npocrpancree HenpephiBHbIX ¢yHKUHA C [— 7, 0] ¢ paHee ykasaHHON HOp-
F Mot || x () ||. ypaBHennsim (3.1) 2KBHBA/IEHTHA CHCTEMa OOBIKHOBEHHBIX AH(Xpe- .
PeBUMAJIBHBIX YpPaBHeHHH 'C ONepParOPpHOH NPaBOA YacTbl0 BHAA

5

(3.2)
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* "TAe

the (N =x{+N={x¢+9, —T<<¥L0, s=1,...,n}, a one-

_ parop P (f) Gynmer

dx, (9)
Tl —-T<'ﬂ'<0

Fo(t, x1(9), .« oy xa (9)),

P(t)x(9)= 4=0.(s=1,...,n) (3.3)

[Tyets x (x, (§), £,, ) — peluenne cucremnl (3.1) ¢ HavanbHOH (QyHKUHeH

"X (0) B momeHT BpemeHu &, x (x, (8), &, £, -+ ﬁ) = X, (0). Torga x; (0) =

= X (% (0), £, t + ¥), — 7 <O <0 onpenensier peuwenne cucremsl (3.2)-
C HayanbHOH QyHKmueh X, (¥). Ilpu ¢ukcupoannom ¢ anemeHT X (0) 3toro
pelileHHsi MOXHO paccMaTpHBaTh Kak 00pa3s HayalbHOro snemema X, (0) npH
0TOGpaXKeHHH

x(8) =T (£, to) xo (9), ' (3.4)

rae T (¢, f,) nuneitnniii oneparop, T (£, ¢) = 1.
[Toxasano, uyTo colCcTBEHHble YHCJA BIOJHE HeNpPepPbLIBHOTO —OmepaTopa

T ({, + o, {;) He 3aBucar OT I, Cnexrpanbnbm pamuyc r¢ oneparopa_

T (t, + o, ;) onpelensieT YCTORYHBOCTD HJH HeYCTOHYHBOCTb ABHMKEHHS X = 0.
Ecau r¢ 60J1bme eNHHHLBI, TO ABHKeHHe X = 0 cucreMbl (3.1) Heycrommso
Ecau r¢ MeHblUe eAHHHUB!, TO JBHXeHHe X = ( acCHMNTOTHYECKH YCTOHYHBO.

' Honyqeﬂ aHaJHTHYECKHH BHJ COOCTBEHHBIX H NPpHCOEAHHEHHHX 3JIEMEHTOB oOfe-

partopa. CoOTBeTCTBYKWOUIHE HM YacTHble peiuerns (3. 1) npomo/mKHMbI Ha BCIO
BPEMEHHYI0O OCb H HMEIOT TOT JKe aHaJHTHYeCKHH BHA. TaK, COGCTBEHHbIA Bek-
TOP Xq (3), COOTBETCTBYIOWHA COGCTBEHHOMY YHCJY Pg, HMEET BHJA

%5 (§) = pgD (B), —r<E<LO, (3.5)

rae @, (#) — nepHOAMUECKH BEKTOP MepPHONA ® NPH H3MEHEeHHH mapamerpa ¥

Ha HHTepBaje (— oo, 4 o). P, (&) uMeloT mpoussoAnbie Mo ¢ MOGOTO CKOMb
YrOJHO BBLICOKOrO MOPAAKA.

PaccMOTpHM CONPSMEHHYIO CHCTEMY nanQ)epeHuuaanblx YpaBHeHHH ¢ ome-
pexeHHeM no spemenn [16, 17] _

d : . :
B FE a0, (=1,...m)  (36)

rlle . ’ \
—'F;(t’ !/1(‘9), o 1yll(ﬂ))_'— Z pIS(t)y/(o)—'
=1 .
—2 Zqols(t‘l"‘c)!/("o)—z g f1s (¢ —E, &)y,<—§)da =1, .n)
J=1 o=1 /=1 —%

3zechb p, q, f Te e, urou B (3.1). B (bynxunonanbnom HPOCTPAHCT Be C [— T, 0]
ypaBhenHaM (3.6) sKBUBaNeHTHA CHCTEMa JIHHEHHBIX OOBIKHOBEHHBIX AH{xpepeH-

. UHAJIBHBIX YpaBHEHUl C OMepaToOpHON npapoil 4acTbio BuAa [16]

dy, () . o - |
——=—POu@®, 3.7)

SO =Y+ 0) = G+ 8), T>030, 5= 1.0,
—pPy@) ={22 mpr v >0>0, Pty y(®) npr =0},

- OBo3naunm uepes y (¢4, (9), &, £) pewenne cucremst (3.6) ¢ HauanbHOR DyHKIMeH

Y (), Tt >0 > 0 B MOMeEHT Bpemenn ty ipr & < to Toma y, () =y (Y, (9),
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- TOoTAa BbLINOJHEHO YCJIOBHE

tt+ 0, T >9> 0, 6yAeT pelleHHeM CHCTeMbl (3.7).‘I'Ipvx QUKCHPOBAHHOM 4
3aCMCHT g () 3TOTO pelleHud MOMKHO paccMaTpHBaTh Kak 006pa3 3/eMeHTa
Yo (0) npH oTOOpaeHHH

G (0) = T* (1 1) 900, £ <tor (3.8)

Oxa3bipaetest, 4TO cOOCTBEHHbIE uyscha oneparopa T° (f, — @, {,) He 3aBucsT OT
{, 1 coBnajawT ¢ coGCTBEeHHbIMU UHCIaMH oneparopa T (t, + @, to)- CrpyxTypa
cOBCTBENIbIX 1 TIPHCOCAHHEHHBIX peKTopoB oneparopa T (t, — o, {,) copnanaer
€O CTPYKTYPOIl aHANOTHYHbIX BEKTOPOB AJA onepatopa T (to + @, t,). Cootner-

CTBYIOIIHM KM YacTHbIC pemeﬂm-npon.om«nmu He TOJbKO B Hanpan.ne,ﬂnﬂl )

t < ty, HO ¥ NpH t >t
BeeneM ofo3HaueHue

n

@) 9.0 = 39O uO+
. : l=1
2

M:

+2
|=

] n
1 =1

1

20 & — 1) 418 qon (¢ + D) A —

o g!

{

-
il

[
Q
GO

3
-4

1t

J1 BCAKOTO WacTHOrO peuleHHs Yt (9) { cucrembl (3.9), NPOAO/MKHMOTO B Hanpas-

. Jenun ¢ > o, BbIpaXKeHUe : i
(x: (9) 4t (9), 8 —const (3.10)

6yznet nepBbiM HHTErpajoM CHCTeMbI 3.2).

JlonycruM, uTO BCE cOGCTBeHHbIE YHCIA P/ yAOBJETBOP SOULHE yCJIOBHIO
| ps|>¢e (e — NpPOU3BOJIbHOE YHEAI0), TIPOCTHIe M HX yucsio pasio N (e). bBoaee
o6uiHit cayuail paccmarpuaaercn’aHanoquuM crioco6om [16}. TTocTpouM co6-
creennbie Bektopa x; ($), ¥y ®, (=L o N (e)) oneparopos T (¢, + @, to)
T (t, — @, o). IIycTB X (©), y; (§) COOTBETCTBYIOT COOCTBEHHOMY qucay Py

1, j=k
0,jFk

ycts x{ (9) # y\ () — wacTHbe pelleHits CHCTeM @.1) u 3.9 ¢ HayaJbHbIMH

(g (8), 91 (9 to) ={ (3.11)

GYHKUUAMH (npu ¢ = to) ¥/ (9 iy (9 COOTBETCTBEHHO. Besakii 3/7eMeHT X (9

apoctpanctsa C [— 7,0] MOXHO OfHO3HauHO MPEACTABHTE B BHAE CYMMbl

[{aG+0n@m¢E+ED @les. B9
t —8 .

P S N

e

e

e e e T AT AT

' N b ‘ , N | I{

)= Sagu—tt e otz G A

/=1 ) : ;

TAe ‘ i
i it | ‘\,

o= ooy i—tar o ot) (=B @19

Uty , . t
O p—to £ 0B =0 Y=L W B !
Taxum 06pa3 oM, BCETAd MOMHO nepeiTH OT. nepemennon x (¥) B cucreme (3.2) l(
K CKaJsiDHbIM NeEPeMEHHBIM Gy, - - - 4y W TiepeMeRHOH Z (8), mpuHaANeIKAlLCH ;
qonnpocrpanc'my (3.14). B Bbiie/IeHHbIX MEpeMeHHbIX chcTeMe ypaBHeHHH (3.2)1 .
" 12 3axkas N 2028 o . ) ] . ‘ ' ‘ : ’ 171 . E[
z
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GyneT COOTBETCTBOBATb CHCTEMA YDaBHEHHH IR T

da; . 1 , -
‘:71='0710g91'a/ (i=1..,N); (3.;5)
izf,f—m = P(t)2(9), z(0)=(3.16). (3.16)

[Tpu stom (3.12) MOxeT 6bITH HCTOMKOBAHA CJCAYIOUIUM oﬁpasoM. ‘B npocrpan-

ctBe C (— 7, 0] Bcerna Moxer OuiTh yKasan N-Mepuniii 6asnc {x; (. — ¢, + 0)-
—t, o

. f)l “}({G=1,..., N) nepuoguyecku (C NEPHONOM ®) NepeMeUiAIOUHACS

- B npocrpancree Cj[— 7, 0]. TIp# 3TOM KOOPAMHATHI @y, ONHCHIBAIOULHE ABHMKCHHE

CHCTeMBl B BbiJeJeHHoM N-MepHOM noanpocrpanctse npocrpancrsa C [—v,0],
6ynyT YROBJIEeTBOPATH CHCTeMe OOBIKHOBEHHBIX AH(xpepeHLHaIbHbIX YPaBHEHMH
C NOCTOsHHbIMKH Koaduunentamu (3.15). A cocraBasiomas ABHKeHHSt Z; (0)
B (3.12) Gyner npunap/exarb noAnpocTpaHcTsy (3.14) U GyfeT HeOrpaHHYEHHO

, . 4
yObIBATb 1O 3aKOHY SKCTOHEHTHI C nMoKasareneM — f < - loge (e << 1).

4. YcroiuHBOCTD MO NePBOMY NPHOAHMKEHHIO
H HCCIENl0BAHHE YCTOHYHBOCTH B KPHTHYECKHX Cayyasx

Paccmotpum croa cuctemy- (1.1) ¥ PSiOM C Helo Tak Ha3biBaEMYIO CHCTEMY

nepporo npuGnanxenus (2.1), koropas nonyuaercst u3 cucremsl (1.1) npu X; = 0.
B paGorax {4, 18] 6riio noka3ano, KOT/a BCe KOPHH XapaKTEPHCTHUECKOTO YPaB<
HeHHsi (2.7) uMelOT OTpHIaTesbHble BellleCTBeHHbIE YacTH, HEBO3MYIEHHOe JBH-

wenne x = 0 cucrem (2.1) u (1.1) OyseT acUMNTOTHYECKH YCTOHUYMBO He3aBH-'

CHMO OT BHAA HeJMHeHHbIX 106aBoK X B (1.1). B ToM cayvae, koraa cpepu Kop-
Hell ypaBHeHus (2.7) uMeercsi no xpaiiHeil Mepe OAHH € MOJIOMHTEJIbHOI BellecT-
BEHHOH YacTbl0 HEeBO3MYIUeHHOe ABHiKeHHe X = O'cucrem (2.1) u (1.1) oaguospe-
MeHHO OyJLeT HeyCTOHYHBO He3aBACHMO OT BHIA HeauHeHHbIX A06aBok X, [10].
Takum oGpasom, aJsi crauuonapHoit cucreMbl (l.1) ¢ nocseneiicTBHeM uMeer
MeCTO NOJIHAsl aHaJ/IOTHS C OObIKHOBEHHbIMH LH(depeHUHa bHbIMH yPaBHEeHH AMH
B BONpoce 06 yCTOAYHBOCTH HO NMepPBOMY NPHOJIHKEHHIO. MOXHO OTMETHTb Tak-
e, 4YTO TAKOTO POJIA NPeAJIOKEHHA HMEIOT MeCTO H-Jjisl HeJIHHERHON nepHonnye-
CKo# cucreMbl THIA (1.1) ¢ cucremoit nepsoro npu6Gamkenns suga (3.1). Ilepsoe
npeasioxense 06 aCHMNTOTHYECKOH YCTOHYHBOCTH NOJiyueHO B pa6orax [4, 19].
Bropoe npeanioxenne o HeYCTOMYKBOCTH ITOJIYYaeTCsl TaK ke, Kak B paGote [10],
Ha 0a3e pacilenyieHusi, yKasasyoro s [16]. ' :

Koraa cpean xophei XapaKTepHCTHYeCKOro ypaBHEHHS HMEIOTCS KOPHH
HyJIeBbIe HJH YMCTO MHHMblE, HMEET MeCTO TaK Ha3blBaeMblii KDHTHUECKHIT Cay-
yait. KpuTHyeckue Ciyyau OAHOTO HYJIEBOrO H Napbl YHCTO MHHMBIX KODHelt AJs
CTallMOHAPHBIX cHcTeM BHAA (1.1) pacemorpensl B paGorax [20]

Ocranosumcsi noipoGHee Ha HCCJAELNOBAHHH YCTOMYHBOCTH B KPHTHUECKOM
Clyyae OAHOTO HYyJieBOoro KopHsi A; = 0. IIpeanosnaraercst, 4To Bce OCTANbHbIE
KODHH ypaBHeHHs (2.7) HMEIOT OTpHUATe/bHble BellleCTBeHHbIE YacTH. MeToxHKa
pelllenAs 3ajlaud YCTOHUMBOCTH siBJ/isieTcsi 00o6uieHHeM MeToAa JIsinyHoBa, pas-
BHTOTO MM JAJISl CHCTEM, OIHCbIBAEMBbIX OOBIKHOBEHHBIMH AH(XbepeHUHaNbHHIMH
ypapuiennamu, B pacemarpuBaemom caywae A (0) = 0, o A’ (0) == 0. O603na-
YHM uepe3 Ay (0) anreGpanyeckoe JONOJHEHHE K 3/EMEHTY, CIOALIEMY B nepe-

D LA A

. CEYEHHH R — CTPOKH M j— K0JIOHKH B onpesenutese A (0) (2.7): Ilyctb Ay, (0) 5=

+0, y,(0) ={0pn, 0), j=1, ..., A, 7 >9 > 0} = const. Paccmorpum
gyr}munon]an fx@) =), y38). H PAcCMOTPUM . BEKTOp  X; ¥ B

i— T,

%1 (9) = {81, 1 (0)} (Aue, (0) A’ (0)) = const (9), —x <o (4d)

ITpou3BoNbHbI 37eMeHT X (%) & C [—%,0] MOXHO OXHO3HAYHO NPEACTABHTD .
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Ypapiienve (2.3) npHRHMaeT BHX ‘ '
dy/dt=0, . (49
dz; (9) ] dt = Az (), flz(9)} = |
A cucrema (1.2) npuuuMaer BHa: .
' dy/dt =Y (g, 2(9), - C o (4.4)
dz; (8) [dt = Az (9) 4 Z (y, 21(9), %), f[zt(‘l})] =0

311eCB Y (y, z (9)) — chynkunonan, onpene.nneMbm ¢opmy.non Y (y, z (0)) =,
, a omnepatop

Z(y,2(9),9) = R (x (O +: @) —x®Y @, 2(9). (4.5)"

PaccMoTphM yHKLHH

Y50 =gym 4., Z(50, )= @ y™+... . (46

ITyetb my > m. Torga, ecan m HeYeTHOe YHCI0 H g < 0 TO JBHMKEHHE
X = 0 acHMOTOTHYeCKH 'ycTORunBO. ECAH M UYeTHOE HJH HEYETHOE YHCJO, HO
& >0, 10 aBHxenue x = 0 HeycTONUMBO.

YCnosue m, > m MOXHO OGecTieYdTb, eCJIH CAeJaTh MOACTAHOBKY 2 () =
=23+ u (8, y), rhe u (9, y) pelienne ypapHeHUS

Au(®,9) +Z (g, u (9, 9), 9) =0, )

yrosaeTsopsiotiee  yeaosmio f lu (0, y)) = 0. Ha nnockoctn f [x M =0

ypaBhenne (4.7) nonycKaeT eJMHCTBeHHOe peluienue « (9, y), aHaAHTHYECKOE

OTHOCHTENIbHO Y H AH(epeHLHPYEMOe TIO .
[Ipeo6pasopanne yKasaHHOTO THHA Bceraa OGeCHeYMBaeT ycnom‘e m; > m,

. €CJIH TOJIbKO 3T0 He 0colhwilt cayyalt, Koraa Y (y, u (9, y), ¥) = 0. B stoM cay-

Nae HMeeT MeCTO YCTOHUHBOCTh HEBOSMYUIEHHOTO ABHmenus X = 0 [20).
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